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Recently, molecular dynamics (MD) simulation results have been reported for the total energy fluctuations of a two-dimensional freely evolving IHS gas, near the threshold of the clustering instability [3] . The dimensionless second moment was found to exhibit a power-law divergent behavior with the distance to the instability. Also, the scaled cooling rate was found to tend to zero according to a power law, although in a weak way. Besides, the distribution function for the energy fluctuations, when properly scaled, turned out to be independent of the parameters defining the system. This was associated with a scaling property of the distribution. Quite remarkably, the scaling function was very well fitted by the same expression as several equilibrium and nonequilibrium molecular systems [4, 5] . The main goal of this Letter is to provide an explanation for the above results on the basis of fluctuating hydrodynamics [6] .
Consider an isolated system of N IHS's of mass m and diameter . The total (kinetic) energyẼ of the system can be expressed in the form [7] 2Ẽt Z drdñr; tTr; t mñr; tũ 2 r; t;
where d is the dimension of the system,ñr; t the number density field,Tr; t the temperature field, andũr; t the flow field. 
where s Ẽs=E H s, V L d is the volume of the system in the new units, and the Fourier transforms of the fields have been introduced. It is assumed that after a time of the order of the mean free time, the system reaches a regime in which all its energy is stored in the hydrodynamic modes. In this regime, the hydrodynamic fields are expected to be described at a mesoscopic level by fluctuating hydrodynamic equations. Here, they will be assumed to be linear Langevin equations obtained by linearizing the Navier-Stokes equations for a granular gas around the HCS. Moreover, it is postulated that the noise terms are defined by the same properties as for molecular, elastic gases [9] . This is not expected to be true, except in the nearly elastic limit, i.e., when is very close to unity. Consequently, the theory will be restricted in the following to this limit. Thus, the transversal flow field or vorticity field, ! k? , obeys the following equation in the scaled variables [6, 9] : 
l being the unit tensor in the subspace perpendicular to k, and the angular brackets denoting average over the noise realizations. A main advantage of using the scaled variables is that the coefficients in Eq. (4) 
Although this does not imply by itself that the HCS is linearly unstable, due to the time-dependent scaling of the velocity introduced above, simulation results and nonlinear analytical analysis of the Navier-Stokes equations have shown that this growth is the origin of the clustering instability [10, 11] . The minimum value of k for a system of linear extent L, measured in the l scale, is k min 2=L. Then, for given values of the other parameters, the system becomes unstable if L > L c , with 
The result is
Here, the dependence of the cooling rate on the temperature has been taken into account. Moreover, the noise term discussed in Ref. [12] , associated with the localized character of the energy dissipation, has been omitted. Although it can be expected to be negligible far from the instability in the quasielastic limit, this may not be the case near the instability. Equation (9) shows a coupling between the fluctuations of the volume averaged temperature and those of the total energy. Use of Eq. (3) into Eq. (9) and neglecting contributions from the density and longitudinal velocity fluctuations gives
valid in the region f L 1. The long time limit of the average value of s is, therefore,
Since we are considering f L 1, the sum over k in the above expression is dominated by the 2d modes with the largest wavelength, for which ? k min ' ÿ f L. Using this into Eq. (11), it follows that there is a renormalization by fluctuations of the average total energy of the HCS, Et hẼti, given by
Consistency of the theory we are developing requires that
1, a condition involving the inelasticity and the distance to the instability. Similarly, there is also a renormalization of the temperature of the HCS, Tt hTti st , that can be evaluated directly from the long time limit of the average of Eq. (9),
Alternatively, an effective temperature T ef t can be defined as T ef t 2Et=Nd. Of course, the form of the renormalized law for the temperature depends on the definition used for the latter. In Ref.
, [3] , what was actually measured was ef ef T ef l 0 =v H T ef , with ef defined by @ t T ef ÿ ef T ef T ef . Then, it is found PRL 96, 158002 (2006) P
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This result predicts that near the clustering instability threshold, ÿ2
, that is just the behavior observed in Ref. [3] . Define f Es Ẽs ÿEs=Es s ÿ hi st E H s=Es and !s !s ÿ h !i st . Note that we are considering deviations from the renormalized average values, i.e., including the fluctuations effects, and not from the macroscopic bare values. A standard calculation using Eq. (7) and exploiting the Gaussian character of the noise, gives that at the instability threshold and for s s
where s c 2 f L ÿ1 is a divergent ''critical'' relaxation time. Now Eq. (10) can be easily solved with the result
valid for s s 0 1. Thus below the instability, the scaled total energy fluctuations decay with the same rate as the fluctuations of the kinetic energy associated with the transversal modes of the velocity. For s s 0 , Eq. (16) yields
with
Therefore, close to the instability point, the relative dispersion of the total energy fluctuations E presents a divergent behavior with a critical exponent ÿ1, and an amplitude A depending on n H and (through the value of the critical length L c ). Again, this is the same behavior as reported in Ref. [3] from MD simulations.
To carry out a more detailed check of the theory presented here, we have performed MD simulations of twodimensional systems with different values of and n H (see Table I ). In all cases, the dependence on f L of both the cooling rate and the dispersion of the total energy, i.e., the exponents in the power laws (14) and (17), was in agreement with the theoretical predictions. This was illustrated in Figs. 1 and 2 of Ref. [3] and no more details will be given here. The comparison between the predicted critical amplitudes and the MD results given in Table I can be considered as satisfactory, in the sense that the theory correctly predicts the order of magnitude of the amplitudes, especially taking into account the smallness of the quantities being measured.
Next, let us proceed to investigate the form of the probability distribution of the energy fluctuations. Particularization of Eq. (4) for the modes with the smallest possible value of k in the limit f L 1 gives
where it is understood that jkj k min . Define a new time scale d f Lds, and a new transversal velocity field by !
Equation (19) implies that the probability distribution for ! k? with jkj k min near the clustering instability depends only on the dimension d of the system. In fact, since the noise term k? is Gaussian, it is trivial to write the long time form of this distribution using Eq. (7) with s s 0 ,
In the time scale , and keeping only the dominant modes, Eq. (10) reads 2 , where the probability distribution of the modes ! ?k is given by Eq. (21). Since the latter does not depend on the parameters of the system other than the dimensionality, the same property follows for the probability distribution of both y and the variable 
